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ANALYSIS AND TESTS OF RIGIDLY CONNECTED 
REINFORCED CONCRETE FRAMES* 


I. In TRODUCTION 


1. Preliminary.—The rigidly connected frame has frequent ap- 
plications in reinforced concrete construction. It is made use of in 
engineering structures in a variety of forms. With a wider knowledge 
of the analysis of rigidly connected frames of reinforced concrete it is 
believed that the frame as an element in design will become more 
important and will be utilized in various ways in gaining economies 
and in securing effective designs. 

Notwithstanding the importance, the exact determination of 
stresses as they actually occur in a rigidly connected reinforced con- 
crete frame is not usually attempted. In most cases the determina- 
tion requires considerable time and labor to work out the formulas 
for statically indeterminate quantities which depend upon the number 
and the fixity of the supports. There are few publications in English 
which treat this subject systematically, and formulas for practical 
use are not generally available. In some quarters there may still be 
a lack of acceptance of the principle of continuity and the effect of 
rigidity of joints as applied to reinforced concrete construction. 

In this bulletin formulas for moments and other indeterminate 
quantities for several types of indeterminate structures are presented. 
For the derivation of the formulas the method which involves the use 
of the principle of least work was chosen. To test the applicability 
and reliability of the methods of analysis test frames designed according 
to the formulas found by the analyses were fabricated and the deforma- 
tions produced in various parts of the members under the action of the 
loads measured, and.a study and comparison of the results of analysis 


*This bulletin presents a résumé of the analytical treatment of rigidly connected reinforced con- 
erete frames and the principal results of the experimental work on reinforced concrete frames which 
were given in the thesis of Mikishi Abe as presented in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in Engineering in the Graduate School of the University of Illinois, 
June, 1914. The work of condensation and reformulation necessary to bring the text within the 
space available for the bulletin has been done by members of the department of Theoretical and 
Applied Mechanics. The complete thesis is on file in the library of the University of Illinois. The 
original data of the tests and more detailed work of the analyses are on file at the Laboratory of Applied 
Mechanics of the University of Lllinois. 

It may be helpful to note that Dr. Abe’s name is pronounced in two syllables; thus, Ah’be. 
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and test have been made. The general rigidity at the places where 
the members are joined has been investigated. The work is presented 
in the thought that it will be helpful in bringing into wider use the 
principles applicable to the design of rigidly connected reinforced con- 
crete constructions. 


2. The Use and the Advantages of the Rigidly Connected Reinforced 

Concrete Frame.—Since about 1905 reinforced concrete frame construc- 

tion has been extensively used in continental Europe. Many examples 

' can be found in the German texts and magazines. In England also 

frame constructions of reinforced concrete viaducts and other structures 

have been built in recent years. There is also a tendency in America 
to use reinforced concrete frames for buildings and bridges. 

The field of the application of rigid frames is almost unlimited, 
for most reinforced concrete structures are composed of elements of 
rigid frames. It covers such constructions as buildings, bridge struc- 
tures, trestles and viaducts, culverts and sewers, subway construction, 
retaining walls, and reservoirs and water tanks. In these structures 
rigid connections are used between members and in many or most of 
them the bending moments are statically indeterminate. 

It is clear that every building construction of reinforced concrete 
may be considered as a rigidly connected frame, for columns, girders, 
beams and slabs are all rigidly connected with each other, even though 
the effect of this condition is not fully considered in the design. In 
continental European countries it is most common to use frames in 
building constructions, such as roofs, balconies, towers, and the build- 
ing as a whole. In the design the requirements and the advantages 
of the frame are taken into account. 

Bridge structures are in the field of the rigid frame. Arches, 
beam and bent construction, and most bridge structures can be designed 
as frames on a rigid analytical basis. In highway bridges, for exam- 
ple, a spandrel-braced arch is frequently used. In such a case columns 
are rigidly connected to the arch ribs and to the superstructure, and 
therefore the design should be made as a rigidly connected frame. 
The designing of trestles and viaducts as a frame will secure safety 
and at the same time obtain the best proportioning of parts. 

Box culverts and the box type of construction for subways give 
sections which are examples of the rigidly connected frame and which 
may not be rationally designed without a sufficient knowledge of rigid 
frames. 
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In water tanks and reservoirs of a rectangular or a polygonal 
form, the unknown negative bending moment due to a rigid connection 
of wall to wall or base to wall will exist at each corner. These moments 
are modified by the relative thickness of walls and the other dimen- 
sions of the structure. A knowledge of the rigid frame will suggest 
the proper method of solution. 

It can thus be seen that most monolithic construction falls within 
the field of the rigid frame. A study of the rigid frame will assist in 
developing judgment for use in the design of such construction. 

In building and structural design, insufficient attention is often 
given to the bending of columns caused by the rigidity of connections. 
The bending moment for a beam is frequently taken as an assumed 
fraction of Pl (where P is the load and I is the span). while bending 
moments at the ends and in the columns are disregarded entirely, thus 
leaving the structure inadequate or making one part stronger at the 
expense of the other, 

The reinforced concrete frame is advantageous in that material 
can be saved and a much better result obtained from the theoretical 
and structural point of view. In ordinary concrete building construc- 
tion the element of rigidity is usually not fully taken advantage of. 
With the concrete frame construction, however, the rigidity of the 
connection of the members may be used. ‘The rigid frame is 
capable of exact design, and therefore the economical distribution of 
materials can be realized. 

One reason why some engineers hesitate to use concrete frames 
extensively is that they hardly believe in the continuity of the parts 
of the structure and doubt the effect of the rigidity of the connection. 
The question is also naturally raised if the formulas deduced from 
the elastic work of deformation of a non-homogeneous material like 
reinforced concrete will hold good for such composite members with 
fair agreement; furthermore the secondary stresses may act to modify 
the results. Under actual conditions, as is well known, the fundamental 
assumptions which underlie the static considerations can seldom be 
more than partially fulfilled even under carefully prepared specifications 
and well executed designs. These things must be considered before 
coming to a conclusion as to the reliability of rigidly connected rein- 
forced concrete frames. It is evident that reinforced concrete frames 
will be reliable if there is perfect continuity or complete rigidity of joint, 
close agreement between theory and experiment, and a small effect of 
stresses of a secondary character. It is not known that an experi- 
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mental study of this subject has before been made. It may be expected 
then that careful experiments and investigation will give information 
which will help to settle these questions. 


3. Scope of Investigation and Acknowledgment.—In this bulletin 
formulas for several types of statically indeterminate structures which 
have been deduced by the use of the principle of least work are given. 
For vertical load the following cases have been analyzed: (1) single 
story, single span; (2) single story, three spans; (3) trestle bent with 
tie, single span; (4) building frame with several stories and several 
spans; and (5) bridge trestle. For horizontal load the following cases 
have been analyzed: (1) single story, single span; (2) octagonal reser- 
voir or tank; and (8) rectangular reservoir or tank. 

In order to put to practical test the reliability of these formulas 
for reinforced concrete structures, eight test frames designed according 
to the formulas found by the analyses were made, and the deformations 
produced in the various parts of the members by the series of test loads 
were measured. In the design of the frames requirements not touched 
upon by the analyses referred to were provided for in a practical way. 
The analyses and the results of the tests have been subjected to critical 
study and discussion. The specimens were made in November and 
December, 19138, and January, 1914, and were tested in January, 
February, and March, 1914. In making these tests the purpose was 
to obtain experimental information along the following lines which have 
a bearing on the design of rigidly connected reinforced concrete frames: 


(1) The amount and the distribution of stresses in the rein- 
forcement and in the concrete 

(2) The continuity of the composing members of a frame 

(3) The location of sections of critical stress 

(4) The reliability of a reinforced concrete frame 

(5) The applicability of the theoretical formulas in the design 
of frames. 


The experimental work was done as a research problem of the 
Engineering Experiment Station of the University of Lllinois. 

The work was under the charge of Professor ARTHUR N. TaLsor, 
to whom, as well as to other members of the staff, acknowledgment is 
due for valuable suggestions and aid. 

The limits of space set for this bulletin will not permit publication 
of even a small part of the details of the derivation of the formulas 
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found nor of the observations, calculations, and other data of the - 
tests. Instead the plan has been followed generally of giving the 
formulas found from the analyses without the details of the derivation 
and, in the case of the experimental work, of showing graphically the 
main stresses that were observed at the principal loads, and of not 
including details of the data. The original and the reduced data and 
more detailed work of the analyses are on file at the Laboratory of 
Applied Mechanics of the University of Ilinois. 
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II. Tur ANnatysis or RigipLy CONNECTED FRAMES 


4. Notation.—The following notation is used generally throughout 
the bulletin: 


A=area of cross-section of a member. Numerical suffixes are 
used for individual members when a frame is composed of 
members of different sizes. 

A is also used as a coefficient to represent certain alge- 
braic expressions. 

a =distance from the left corner or axis of a frame to the point 
of application of a concentrated load on a top beam. 

b =distance from the right corner or axis of a frame to the 
point of application of a concentrated load on a top beam. 

E=modulus of elasticity (considered as constant) of the 
material. 

H=horizontal reaction acting at the end of a column. 

I =moment of inertia in general. 

h =total vertical height of frame. 

lL =total length of horizontal span of frame. 

s =length of an inclined member. 

m=ratio of moment of inertia of horizontal member to that 
of vertical member. 

n =+ = ratio of height of frame to length of span. 

M =bending moment in general. 

N=normal force or stress on a section (total internal force 
normal to the section). 

P=a concentrated load. 

p =intensity of a uniformly distributed load. 

V =vertical reaction. 

f. =unit stress in steel in tension. 

f; =unit stress in steel in compression. 

f. =unit stress in concrete in compression. 


In the diagrams representing the forms of the frames analyzed, 
the ends of members are indicated by lower case letters and the symbols 
for the properties, forces, and moments use these letters as subscripts 
to indicate the members to which they apply as well as the point of 
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application. The method of use will be made clear by the following 
examples and by reference to Fig. 6: 


H, =horizontal reaction at a. 

I... =moment of inertia of member ab. 
hye =vertical height of be. 

l,. =length of horizontal projection of be. 

M,,.=bending moment at any point in be. 


5. Statically Determinate and Indeterminate Systems and Number 
of Statically Indeterminates.—A force is said to be statically determinate 
when its direction and magnitude and its point of application are known 
from the conditions of static equilibrium. The conditions of static 
equilibrium for any number of forces in a plane, as is generally well 
known, are three, that is to say, 


(1) Y=0, or the algebraic sum of all vertical forces acting 
on a body is equal to zero. 

(2) X=0, or the algebraic sum of all horizontal forces acting 
on a body is equal to zero. 

(3) M=0, or the algebraic sum of the moments of all forces 
is equal to zero. 


The loads to which structures may be subjected are always given. 
The other external forces are the reactions due to the loads. The 
reactions are exerted by the supports of the structure, and in order 
that they may be determined from the statical conditions the total 
number of unknowns must not exceed three. The ordinary trusses 
without redundant members are always statically determinate if a 
frictionless pin is used at each joint and if in the determination the 
effect of the longitudinal deformation of members on the stresses is 
neglected. If a case in which two members meet at a joint is considered 
as shown in Fig. 1, two unknown forces exist at the joint, the vertical 


Fie. 1. SiweLte Hincep FRAME WITH CONCENTRATED LOAD 
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and horizontal forces, and therefore the total number of unknown 
forces due to the external force P is six. But each member will give 
three statical conditions as stated before, and therefore this is a stati- 
cally determinate system. 
In studying the behavior of statically determinate and statically 
indeterminate systems, the conception of the connection of members 
by means of joint bars is a convenience. In Fig. 2 (a) the two members 
are not connected. They are entirely free to move horizontally and 


Be & ae Be 


Tt aN & 


Fic. 2. ILLustTrations oF DEGREE OF INDETERMINATENESS BY MEANS OF 
Joint Bars 


vertically and also are free in rotation; accordingly it may be called 
the arrangement having three freedoms in motion. An example of 
this arrangement is a touching joint between the free ends of cantilever 
beams as shown in Fig. 2 (b). In Fig. 2 (c) two members are connected 
by a single bar, and they are prevented from moving vertically, but 
are free to move horizontally and to rotate about a point A. This 
may be called the arrangement having two freedoms in motion. An 
example of this arrangement is the frictionless roller end of a cantilever 
as shown in Fig. 2 (d). In Fig. 2 (e) two members are connected by 
two connecting bars and have only one freedom in motion, that is, the 
rotation of a member about A, the intersecting point of two bars. 
The crown hinge of an arch, Fig. 2 (f), is an example. In Fig. 2 (g), 
two members are connected by three joint-bars, and may be called a 
rigid connection which allows no freedom of motion. The restrained 
end of a cantilever beam, Fig. 2 (h), is an example of this arrangement. 

To make a rigid joint it is necessary to have three joint bars at 
each connection between members, and 3S conditions of equilibrium 
must be set up to determine 3S unknowns when the structure is com- 
posed of Smembers. If the structure is rigidly connected to the ground, 
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more conditions than 3S are required. Let a be the number of joint- 
bars needed to connect one member to another, and b be the number 
of joint bars needed to connect the member to the ground; then from 
the existing 3S conditions the following relation is necessary to make 
the structure statically determinate, 


a+b=38S 
When the members in the structure are all rigidly connected to each 


other, a+b always exceeds 3S and therefore the case becomes a stati- 
cally indeterminate system in which 


a+b—3S=m 


where m represents the number of the statically indeterminate forces. 

Such a system is called m-fold statically indeterminate, and m addi- 

tional equations of condition are necessary to determine these unknowns. 
Fig. 3 gives a few examples. 


Fig. 3. Types or Frames or Various DEGREES oF INDETERMINATENESS 


Case a. a+b—3S=5+4—9=0, therefore statically deter- 
minate. 

Case b. a+b—3S=6+4-—9=1, 1-fold statically indeter- 
minate. 

Casec. a+b—3S=6+12—9=9, 9-fold statically indeter- 
minate. 

Cased. a+b—3S=18+18—21=15, 15-fold ‘statically inde- 
terminate. 

Casee. a+b—3S=36+3-—30=9, 9-fold statically indeter- 
minate. 
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In general the change in length of a member due to the direct 
stresses in the member will have an effect on the magnitude of the 
stresses developed. However, as is shown in a later paragraph, this 
effect is very slight in all ordinary forms of construction and has been 
neglected in stating the method of determining the degree of indeter- 
minateness. Consequently in any member in which the change in 
length due to the direct stress has an appreciable effect on the stress 
developed, the criterion stated does not apply. Fig. 4 illustrates such 
a case. 


D, 
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Fie. 4. Type or Structure In wHicH Errect or NorMAu Force 1s GREAT 


6. Principle of Least Work.—By a law of nature, the principle 
of least work, the resisting forces will develop no more energy than the 
minimum which is necessary to maintain equilibrium with the external 
forces; or in other words, the external forces are so adjusted, among 
themselves, as to develop internal forces in the structure which will 
make the total internal work of resistance of the internal forces a 
minimum. When forces act upon an elastic system in which the 
deformations are proportional to the stresses, the principle of least 
work may be applied to determine the statically indeterminate forces. 

The principle of least work has been known for a hundred years, 
but the first complete announcement of this theorem was given by 
Castigliano in 1879. Professor Cain expresses the principle in the 
following words:* 

‘‘The elastic forces experienced between the molecules after 
deformation correspond to a minimum of the work of deformation of the 
system, expressed as a function of certain stresses, taken with respect 
to these stresses successively, regarded as independent during the 
differentiation. ’’ 

Professor Hiroit translates Castigliano’s expression of the prin- 
ciple of least work in the following words: ‘‘The partial derivatives 


*See Trans. Amer. Soc. Civ. Eng., Vol. XXIV, p. 291. 
+See Statically Indeterminate Stresses, by I, Hiroi. 
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of the work of resistance with respect to statically indeterminate forces 
which are so chosen that the forces themselves perform no work are 
equal to zero.’’ 

The total internal work may be subdivided into the parts due to 
. bending moment, normal stress, and shearing stress. f 
The total work due to the bending moment M in a member will 


be 
ie / M?dzx 
EB OTA 
For the total internal work due to a total normal stress* N on a section 
noe N*dx 
pe SEA 


If shearing stress S is uniform over the cross-section, the expression 
for the internal work due to shearing stress is 
S?da 
2GA 
where G expresses the shearing modulus of elasticity of a material. 
Since, however, the shearing stress is not uniform over the cross-sections, 
the expression for the internal work due to shear is modified, and 


ne KS*dx 
ad Poca. 
where K is a known factor for a specified form of the cross-section. 
Therefore for the total work of resistance, 
M’dx , 1[Ndx , 1 [KS*dz 
CEN TATRA 2) GA 
Suppose that there are n statically indeterminate forces Py, 
P2,.....P,, in an elastic system. According to the theorem of Castigliano 


aw [MoM [x KS 08 
pia) HL oP, | BA rae A A Er oo = 


OW |[M 0M [8 
‘OP, J EI Te c+] DP an A GA oS 


W =w,+w2+w3= 


Pie 0 


aw {Mom KS aS _, 
oP, —J EI OP, auto, [2 ay aN a [BS 5p. 


*Normal to a cross-section of the member. 
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These furnish as many equations of condition as there are unknown 
quantities. The solution of these equations will give the exact formulas 
for statically indeterminate quantities. 


7. The Effect of Work of Normal Force on the Magnitude of Stati- 
cally Indeterminate Forces. general equation 


M aM KS as 
EI oP fe om ane +f Wat =H 


the second term will disappear ven 28 


words, when the normal force* does not contain any of the statically 
indeterminate quantities. 

When a frame is fixed at its column ends, the vertical and hori- 
zontal reactions and the bending moment at the fixed column ends 
are statically indeterminate. Generally the normal force in any mem- 
ber contains these reactions as factors. But if a frame having a single 
span is symmetrical in form and in the manner of loading, the vertical 
reactions become statically determinate, and therefore the horizontal 
reaction is the only indeterminate term which enters into the expression 
of the normal force. If, at the same time, the columns are vertical, 
the horizontal reactions do not affect the normal forces in the columns, 
and in the horizontal members only are the normal forces affected by 
a statically indeterminate force, namely, the horizontal reaction. 

From these statements it will be seen that the form of frame which 
will be largely affected by the normal force is that having a sloped 
column under a vertical load. 

The frame shown in Fig. 5 is used to illustrate the method of 


is equal Me zero or, in other 


Fie. 5. UNSYMMETRICAL FRAME UNDER CONCENTRATED Loap 


*Normal to a cross-section of the member. 
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analysis and to bring out the effect of the work of the direct normal 
force on the magnitude of the statically indeterminate forces. In this 
case H is the only statically indeterminate force. 

Taking the moment of all forces about b’ 


Vi 1—P(loetlye) =0 or Vy = ee te 


and 
V, =P—KP or V,.=(1—K)P 


we e’P=KP 


K being used as a general coefficient. 
In general the internal work due to shearing stress may be neg- 
lected, and the general equation becomes 


M OM N ON 
Hi on + Jaa on =~? 


All necessary elements in forming this equation are arranged in Table 1. 


Inserting these values in the general equation gives the following 
expression, in which it is assumed that H and J are constant: 


h l 
1 1 co 
ET, / (V, tan tiy Hy) (—y) sechrdy + a7— | (Volo Vew— Hh) (—h)de 
0 


0 


i 
+a [Pib + Vee Hh—P (—le)|(—Wd 


h 
[% tan0.y—Hy) (—y) secOs dy 


ih ow L. te 
ta, | row. + tens cnn watt gga} | Hao | Hdx 
0 kin ; 


1G el ; 
TB as | {Virose Hsin 8, Hi secO.'dy = 0 
0 
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Integrating and simplifying this equation gives the following 
general expression for the statically indeterminate force H, in which 
the work of the normal force is fully counted: 


a 


| boSee 4 2locloot Po dts Lever Sy = sin A, sin A] 44 (Looe a Loo)? ie Suratlaro! sin A 
A b/c’ 


3150 QL cet Bly A be A b’e! 21 oe 31 bc! 


Sys boo? Sy | ee 6,tanO, . sins tan6, bow | 
314. + ia ue BD ye T Abe i z. Aye a hA ce 


where K = sve thee 
In this formula, the terms which contain A,,, A,., and Ay enter 


because of taking into consideration the work of the normal forces 
represented by the second term of the general equation 


M oM 
“aT oH ot [oy oe a= 4 


If the effect of the normal force is neglected, then 


K | LS ae Abeber + Poe af Std a | (Loc =o)? _ Beeiee | 


314. 2I cer BL ye 2I cot 31 yy 
H = - Ee 
Soop bor 1 Swer | 
“ Ex + I 0¢ 0 By i 


In most cases a value of @ greater than 30 degrees will not be used, 
because an increase in @ rapidly increases the horizontal reaction at 
the end of the column. 

Assume a case in which J,,=l,.~= ly.,,=h=120 inches. 6,=6.= 
45 degrees, A,,=A,~=Aye=10 by 12 inches. I,,=JI.0= Iy= 1,000 
; 1 
inf K= a 
When the effect of the work of the direct force is considered, 

H=0.5637P 
If the effect of the work of the direct force is neglected, 
H=0.5643P 


The difference 0.0006P (0.0011H) is inconsiderable. 


| 


Ne 
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In the foregoing example it is seen that the final formula is very 
much complicated by taking the direct force into consideration and 
that the effect of the internal work of all the direct stresses on the final 
value for statically indeterminate stresses is inconsiderable when com- 
pared with that of the bending moment. The work of the normal 
force is therefore disregarded in making the analyses of the frames 
treated in this bulletin. 
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Fic. 6. SrmmpLe FrRaMEs uNDER VERTICAL Loap; LowER ENps oF CoLUMNS 
HINGED 
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Attention is called to the fact that even though the effect of the 
internal work of the direct stresses may be neglected in determining 
the reactions the direct stresses themselves can not be neglected when 
calculating the total stress in any member. The direct stresses may 
be added algebraically after the statically indeterminate stresses are 
found. 

The effect of the work of the deformation due to shear is generally 
so insignificant when compared with that due to the bending that it 
may be entirely neglected without sensible error in the calculation of 
the internal work. 


8. Simple Frames under Vertical Load.—In Fig. 6 are given forms 
of a type of simple frame. The form at the left of the figure is the 
general form of the inverted U-frame, and the others are special cases 
of this frame. The column connections at the base are hinged and 
all other joints are rigid. Three forms of vertical loading are pre- 
sented—a single concentrated load, two concentrated loads, and a 
uniform load. For this frame the statically indeterminate force is 
the horizontal reaction H. Formulas for H, derived by analysis using 
the principle of least work, are given in the figure for the three forms 
of frame and for the three loadings. 

Knowing the horizontal reaction H, the bending moment and the 
forces at any section of the frame may be determined by the ordinary 
analytical method. For example, the bending moment at the middle 
of the top beam for the frames with two concentrated loads shown in 
Fig. 6 is equal to the algebraic sum of the moment of the horizontal 
reaction H with a moment arm equal to the height of the frame, the 
moment of the vertical reaction V about the section considered, and 


the moment of a load s about the section. 


As a specimen application of the method of using the principle 
of least work, the general solution of the frame and loading shown in 
the upper left-hand corner of Fig. 6 is given. The statically indeter- 
minate force is H. The effect of normal forces being neglected, the 
general equation of condition is 


‘M OM 

EI 0H 
All quantities necessary in forming the conditional equation for this 
case are arranged in Table 2. 


dzx=0 


/ 
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TABLE 2 


ELEMENTS USED IN ConDITIONAL EQUATIONS FOR SOLUTION OF INVERTED U-FRAME 


0M 
Memb I M 
ember oH 
ab ob! Tap Z —Hy . me 
pea se —S— H (ha + tan 9) —(ha»+ x tan 9) 
P. 
co co’ Tce! a — Hh aA 


Substituting the proper values in the general equation of condition 


hav Leo 
27, 28¢c8 
Bf sty dy met | oe 2 wey 640g x tant) | (hap + xtan6) dx 


oh loeb 5 Pr 
ay & —Hh)ae= O tiie. onl 4 te eee 
‘be 


Integrating equation (1) 


h 
2 | Hy 2secO [ Px*h,, , Px? t 
2| i | ‘Ln Nile 4 * 6 ——ta no— —H(h2 r,t +hapvtan 04 tan? a] 


ie 
an | Pat lye ty 
— | "tm ==() 4 . . . . . . . (2) 


lee 


Substituting the limits in equation (2) 


2Hhi,  2secOl PRA» , PE 
ot ae fa rl = vr tanO— A (hielo. + halitan d-+tan?6) 


a 2h an, , Lae Le 
ae (Pale +e) HN] =(0 * 7 : : J i ‘ (3) 
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Collecting the terms involving H and those involving P 


ZhinH ooh 28 (4: J ) Qh'l.,H 
ee holethal? tan o-+4 ° tan?6 )H + ———_ oI. 
_ 2secO Pl Aa Ee and | PQ TR ( ie 
~< Te | 4 | ee 6 >a a 4 bs bee’ a Re (4) 
Solving for H, 
QsecO[ Bh» . 2. no |+ Qh raat rac *) 
he | 4 + tan wir lye L ce” 
BS ———_ P . .. . 68) 
2h}, 2secO h2 i h 2 i, yf) 4 a Leg’ 
3. -- re ablbot Navl; tan cas 
Substituting J, sec@ = S,. and hy. =l, tan0 . 
Alec’ Ste lic h 
Mec" 4l teat be Ube al Mbe 
81 ce’ rae )+feh Tbe [Ae Ae 
A =———_ P .... . . . 66) 
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Fig. 7 gives sketches of the inverted U-frame having the lower 
ends of the columns fixed. Equations of the statically indeterminates, 
the horizontal reaction, and the bending moment at the lower end of 
the column, as determined from analyses, are given in the figure. 

Knowing these indeterminates, the moments, and the forces at 
any section of the frame may be determined by ordinary analysis. 
Thus the moment at the middle of the top beam for the frame in the 
upper left-hand corner of Fig. 7 is equal to the algebraic sum of the 
bending moment at the lower end of the column, M,, the moment of 
the horizontal reaction H with a moment arm equal to the height of 
the frame, the moment of the vertical reaction V about the section 


considered, and the moment of one load about the section. Fig. 7 


indicates the manner in which the moment varies along the members 
composing the frame. 
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Fig. 8. RecrancuLtar FRAME with Riaipty CoNNEcTEeD Tik at BASE OF 
CoLUMNS 


Fig. 8 shows a rectangular frame in which all the joints are rigid, 
the horizontal cross tie at the bottom of the frame having rigid connec- 
tion to the columns. The equations of the indeterminates M, and H, 
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for this frame are given in the figure. The figure indicates the manner 
in which the moment varies along the members. 
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Fig. 9. L-rRAME with CoLUuMN HINGED aT SUPPORT 


Fig. 9 shows an unsymmetrical frame, here termed an L-frame, 
under uniform load and with the column hinged at the support. For 
this frame the horizontal and vertical reactions H; and V; at the column 
end are given in the figure. 

The maximum positive bending moment in this frame occurs at 
the distance x from c where 


Le 
4hI, 2 
SCT 


The value of the maximum positive bending moment is given in the 
figure. The maximum bending moment is the negative moment at 
the wall, which is also given in the figure. 

Fig. 10 shows an L-frame in which the column is fixed at the sup- 
port. On account of the fixity of the column there are three statically 
indeterminates for this frame, Hy, V,, and M, or M;. The values of 
these are given in the figure. 
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Fie. 10. L-rrame witH CoLumMN Frxep at Support 


The formulas for the maximum positive moment in the beam and 
the distance of the section of maximum positive moment from c¢ are 


onl hI; 
7 fli + 7 
3(1+ AD ne he 2( Is. ) : 
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ite 24 
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3hl | 
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The manner in which the bending moment varies along the mem- 
bers composing the frames is indicated in Fig. 9 and 10. 


9. Single Story Construction with Three Spans.—In the design of 
a beam-and-girder or a flat-slab construction of a single story, many 
engineers do not take the effect of the bending of columns on the 
moments in other portions of the structure into consideration. Authors 
also have tried to analyze the stress distribution without taking this 
bending into account. Obviously a bending in the columns will allow 
an increased bending moment at the center of the span of a girder or 
slab loaded unsymmetrically with respect to the column, and stresses 
in the slab will be modified by variations in the ratio of the moment 
of inertia of the girder or slab to that of the column and of the column 
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height to the span length. Tests have shown that columns may be 
subjected to severe bending, and it will be seen that this will be more 
important for a single story structure than for others. 

In actual cases, there may be twenty or more spans in succession, 
with different span lengths and different cross-sections of members, and 
consequently an exact analysis is hardly possible with any assumption. 


A oad 


Cae pone 
Fig. 11. Continuous Sineite Story Spans; One Pane LoapEp 


If panel aa’ in Fig. 11 is loaded, the bending moments in slab bc, 
cd, b’c’, and c’d’ are so small as to be negligible in actual cases. It 
may be assumed, therefore, that the end condition of slabs or beams 
ab and a’b’ will, perhaps, be between the hinged and the fixed state 
at b and b’, the degree of fixity depending upon the ratio of moments 
of inertia of the column and the slab at that joint. Formulas will, 
therefore, be given for both conditions. 


Fig. 12 shows the manner in which the bending moment varies 
along the members composing the frame for four combinations of end 


Fig. 12. Srvete Srory Taren-Span Frame, Havina Mippie Span 
UnirorMLy LoapEpD 
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conditions of beams and columns outside the loaded panel. The 


formulas which have been derived for these four cases are given in 
Table 3. 


TABLE 3 


ForMvULAS FoR Reactions, BenpiInc MoMEnts, AND Points oF INFLECTION FOR 
SinaeLe Story THREE-SpAN FRAMES 


y) ior, reaction 7 7 / ; 7 
at col. ends \ gr(ax5mnj \an(arsmn) \ien(eemn) \dnlersimn) 


REE, 
Z pi 
I+7mn 447/71 
priate ALES As SAS Sas DOTY, fa) edibles, |) 
6 bei 6(/+2mn) A 4(2+3 mn) ‘ 
Mp Moment at mn pli_mn__ pl? 
Lean enas (/+2mn) 18 \ (2+3mr 12 
Z sca 
(4r5mn) 6 (2+3mn) /é 
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P (3+5mn) 4 (/42mn) /2 \(24#3mn) 6 
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*% point 4 (3+5mn) 4 \(4 3/4211) 12 \(2+3inn) 6 
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TABLE 4 
CoEFFICIENTS OF BENDING Moment ror SINGLE Story THREE-SPAN FRAME 


a=coeflicient of pl? for bending moment at end of middle span. 
6B =coefficient of pl? for bending moment at top of column. 


Values of m 
atlas 
ide ay oe 0.20 | 0.50 | 0.75 | 1.00 | 1.25 | 1.50 


h 
Values of n Be Be 


Coefficient 


.0785 | .0735 | .0705 | .0682 | .0664] .0648 
.0750 | .0682 | .0648 | .0625 | .0608 |] .0595 
.0722 | .0648 | .0615 | .0595 | .0582] .0570 


1+mn 
~ (3+5mn)4 


.0690 | .0616 | .0588 | .0571 .0559 | .0550 


0741 .0635 | .0575 | .0513 .0468 | .0430 
.0667 | .0513 .0430 | .0371 .0326 | .0290 
.0607 | .0430 | .0346 .0290 | .0250 | .0219 
.0555 | .0371 .0290 | .0238 | .0202 |) .0175 
.0513 .0326 | .0250 | .0202 | .0170| .0147 
.0477 | .0290} .0219 .0175 | .0147 | .0126 


1 
(4+5mn)3 


3 5 

= 0 

. 5 
o 0 .0700 | .0625| .0595| .0577| .0564] .0555 
23s 5 0682 | .0608| .0582| .0564| .0554] .0546 
5 g . 0 .0667 | .0595 | .0570| .0556| .0546|] .0540 
I z x 5 .0714 | .0588 |} .0513 | .0455 |] .0408|] .0370 
o 8 = 0 .0625 | .0455 | .0370| .0312| .0270| .0238 
Ra| “pe 5 .0556 | .0370| .0290| .0238| .0202| .0175 
BE a 0 .0500 | .0312| .0238 | .0192| .0161 | .0139 
3 & 5 .0455 | .0270|] .0202| .0161 | .0134} .0115 
3 ud 0 .0417 | .0238 | .0175 | .0139|] .0115 | .0098 
ol 5 .0796 | .0754| .0728| .0706| .0687] .0672 
a|s 0 .0767 | .0706| .0672| .0647| .0630|] .0616 
° 5 5 .0743 | .0672| .0637/ .0616] .0600] .0587 
am 0 .0723 | .0648] .0616| .0595| .0581 | .0572 
+ 5 .0706 | .0630} .0600| .0581 | .0568 | .0559 

0 

5 

0 

5 

0 

5 

0 


Ext. Ends of Beams Hinged 
Lower Ends of Columns Fixed 
a 


B 


.0798 | .0757 |} .0732 | .0714 | .0700| .0686 


WNN FHS) WNNEHS!] WNNEHO|] WNNEHO!] wWNNRHO|] wNNHRHO 


co ~ 
— oO 
B| SIs 0 .0774 | .0714| .0686| .0667| .0652| .0640 
= | +93 5 | .0745 | .0686| .0658| .0640] .0628| .0619 
pai ee 0 .0728 | .0667| .0640] .0624] .0614] .0606 
2 £ a 5 .0714 | .0652| .0626| .0614| .0604| .0598 
ge] ! 0 .0702 | .0640|] .0619| .0606] .0598| .0591 
Bm |_s maprateaNeN Woe ak | e | een OA ce fol a 2 
2 pa 5 .0695 | .0556| .0476| .0416| .0370] .0333 
o 5 0 .0595 | .0416| .0333| .0278|] .0238] .0208 
el GS 5 0521 | .0333 | .0256] .0208| .0175 | .0151 
m¢ 24 0 .0463 | .0278| .0208| .0167| .0139]| .0119 
= x a) 0417 | .0238 | .0175 | .0139| .0115 | .0098 
3 i 0 0379 | .0208} .0151 | .0119| .0098 | .0077 


In Table 4 are given values of the bending moment coefficients 
for both hinged and fixed ends at top of column and at end of middle 
span for six ratios of moments of inertia. 
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lia, 18. Stnaue Srory Turen-Sepan FRAME uNpDER CoNcENTRATED LOAD 


For a three-span frame with concentrated load at the center of 
the middle panel, Fig. 13 shows the manner in which the moment 
varies along the several members composing the frame. 

Assuming symmetry about the vertical center line of this frame 
the formulas for the horizontal and vertical reactions are given in Fig. 13, 
and also formulas for bending moments at top of column and at end 
of middle span. 


10. Trestle Bent with Tie—The frame shown in Fig. 14, fre- 
quently termed the A-frame, may be used in trestle construction. 
Formulas for M,.’, Hy, and H, are given in the figure. 

Knowing the values of M,.', H., and Hy, the stresses at any section 
of the frame may be computed. When @=0, J),=0, and l,, approaches 
0, making A.~=h (that is when k=1), this frame becomes the same as 
that shown in Fig. 8 and the formulas for M,,.: and H, reduce to the 
same form as those given in Fig. 8. 
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Fig. 14. _A-rrame SpHowrne Form or Moment Curve 


11. Building Construction with Several Stories and Spans.—In the 
actual construction of buildings of reinforced concrete, it is common 
to use a continuous slab for floors.supported by a number of columns. 
A loading which produces serious bending in columns is, of course, an 
eccentric arrangement; such as is shown in Fig. 15. The moments 
of inertia of columns are sometimes smaller than those of slabs. Ac- 
cordingly, the bending moment in the floor slab fcc’f’ is greatly modified 
by the flexure of columns bc, b’c’, cd, and c’d’. 

In present practice, frequently little attention is paid to this point, 
and columns are assumed to be rigid enough to resist the bending. 
This assumption may be approximately true for the lower stories, 
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I'ia. 15. Cross-Section or Burtpina’ Frame wirn Srnaue Panet LoApEp 


where the columns have large diameters, but it is not true for the upper 
stories, where the cross-section of columns is usually small, and serious 
bending stress may exist in the column due to eccentric loading. An 
exact analysis is hardly possible because there are many unknown 
conditions entering into the solution. From a practical standpoint, 
it is easily understood that the bending moment in floor slabs, gdd’g’ 
and ebb’e’, (see Fig. 15) due to the load on the floor cc’ is so small as 
to be inconsiderable if the floors are of moderate thickness. That is, 
the columns cb, c’b’, cd, and c’d’ are practically fixed at b, b’,d, and d’, 
respectively. If the floor slabs are not thick enough to keep the 
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TABLE 5 
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column ends in a fixed condition, the end condition of the columns 
will be between the hinged and the fixed state. Using these assump- 
tions an analysis which is almost exact is possible. The resulting 
formulas may be used in the design of buildings. For such a frame, 
Fig. 16 shows the manner in which the moment varies along the mem- 
bers composing the frame for two combinations of end conditions of 
beams and columns. The formulas for the horizontal and vertical 
reactions and the bending moments are given in Table 5 for ends of 
columns and beams hinged and for ends of columns and beams fixed, 
the end spans being equal in both cases. Formulas are also given for 
equal spans and equal moments of inertia of the beams and for equal 
spans, story heights, and moments of inertia of beams and columns. 
Fig. 17 gives numerical. values of the coefficients of pl? for the case in 
which ends of beams and columns are fixed, a being the coefficient of 
the bending moment at the top of the lower column and 8 the coeffi- 
cient at the foot of the upper column. In Table 6 are given values 
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TABLE 6 


CoEFFICIENTS OF BENDING Moment For Two-StTory Turee-Sean FRAME WITH 
Enps oF CoLuMNS AND Beams FIXED 


a=coefficient of pl? for bending moment at top of lower column. 
8 =coeflicient of pl? for bending moment at foot of upper column. 


Tea 
Lie Ive 
tie 
0.4 0.6 0.8 1.0 
1.5 .0330 .0306 .0285 .0267 
ye 2.0 .0287 .0269 .0253 .0238 
2.5 .0255 .0240 .0227 .0215 
3.0 .0228 .0216 .0206 -0196 
Ip 
Tea 
es 3.75 .0132 .0153 .0165 .0173 
3.33 .0139 .0162 .0175 .0185 
3.13 .0143 .0167 .0181 .0192 
3.00 .0145 .0170 .0185 .0196 


of the bending moment coefficients a and @ for four ratios of the moments 
of inertia. The frame with hinged ends has nine statically indeterminate 
quantities, while the frame with fixed ends has fifteen statically indeter- 
minates, but the condition of symmetrical loading shown greatly 
reduces the number of these quantities. In the analyses it has been 
assumed that the vertical reactions at b and d (also at b’ and d’) are the 
same. ‘This assumption may not be the real condition in actual cases, 
but no effect is produced on bending moments by it. 


12. Frame with Three Spans.—In bridge or trestle construction 
across a wide stream or valley, several spans may be built continuously 
as a monolith. Because of the necessity of providing expansion joints, 
the number of spans thus connected is frequently limited to three. 

Rigidly connected frames with three spans, equal or unequal, 
may advantageously be used for bridges of moderate spans. 

No analytical formulas for such frames have, to the writer’s 
knowledge, been published. Fig. 18 and 19 give the formulas for a 
three-span frame under various conditions of load. Fig. 20 shows the 
manner in which the moment varies along the members composing 
the frames. Table 7 gives values of the bending moment coefficients 
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Fig. 20. Srnete Story TuHree-Span FRAME wits Four Coztumns Havina 
Mippie Span UnirorMLy LOADED 


TABLE 7 


CoEFFICIENTS OF BenpDING Moment ror SINGLE Story THrREE-SpAN FRAME 
Havine Four CoLumns 


a=coefficient of pl? for bending moment at end of middle span. 
B=coefficient of pl? for bending moment at top of intermediate column. 


fh 
iT ce l 
I be 
1.00 1.25 1.50 

4 0.5 0689 .0672 0658 
5 1.0 0634 0620. 0605 
a a 1.5 0605 0591 0580 
aye 2.0 0587 (0573 %| 0565 
3 % 3.0 0565 0550 0547 
he he eater 
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Oo 
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at the top of the middle columns and at the end of the middle span 
for the case in which the three spans are equal, the moments of inertia 
of the beams are equal, and the moments of inertia of the columns 
are equal, a uniform load being applied over the middle span. 


13. Square Frame under Horizontal Load.—Hitherto only the 
cases in which the load was applied vertically have been discussed. 
It is frequently necessary to solve for the statically indeterminate 
stresses due to a horizontal force, such as a wind pressure or the braking 
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force of a locomotive. The method of determination of the statically 
unknowns is the same as that used for frames with vertical loads. A 
few cases have been taken as illustrations and the resulting equations 
are given in Fig. 21. 

Another application is the water tank or reservoir subject to the 
static pressure of water, such as may be found in filter plants. Fig. 21 
gives two examples of framed constructions of this character. It is 
seen that for a square tank having the same walls on the four sides the 


negative moment from the formula for rectangular tank becomes ae 


ae 1k : 
and the positive moment oa pl’, as is known from other sources. 


14. The Nature of the Resulting Formulas; Relation between Hori- 
zontal Reactions in Frame under Uniform Load and under Concentrated 
Load.—It is interesting and important to note from the results of the 
foregoing analysis that there is a fixed relation between the horizontal 
reactions in the symmetrical frame under distributed loads and those 
in the same frame under concentrated loads. To show this relation 
a few cases have been selected as illustrative. These are shown in 
Fig. 22. 

It has been stated previously that there is also a fixed relation 
between the horizontal thrust and the bending moment at the fixed 
column or beam ends, and the bending moment can be expressed in 
terms of the horizontal thrust. The bending moment at any section 
of a frame is a function of the horizontal thrust. Therefore, it may be 
stated that the statically indeterminate stresses in the symmetrical 
frame have a fixed relation under distributed and concentrated loads. 

From the foregoing illustrations it will be seen that the horizontal 
thrusts at the column ends due to uniform and centrally concentrated 
loads may be expressed in the following forms: 


: pl 
Uniform load, H=KT> 


Centrally concentrated load, H =K 


The coefficient K is the same in both cases, but varies with the form 
of frame. The formula for the horizontal thrust in the frame under 
concentrated load may be written directly if the formula for thrust 


46 ILLINOIS ENGINEERING EXPERIMENT STATION 


in the frame under uniform load is known. An analysis of the statically 
indeterminate forces for a given case should first be made to find the 
form of the function. 

The bending moment at the end of the span in these frames is: 


For Case a, M=z aK e 
For Case a’, M=55 OK, 
For Case b, M=— > pe =K; 
For Case b’, M=> a =K; = 


It is known that when a beam is perfectly fixed at its ends the negative 
bending moments due to a distributed load and a centrally concentrated 
load are a and r respectively. It is seen, therefore, that for these 
cases the bending moment at the end of the beam is obtained from the 
value of the end bending moment of a fixed beam by multiplying by K, 
a coefficient which depends upon the form of the frame, but is inde- 
pendent of whether the load is applied uniformly or is concentrated 
at the center of the span. 

Returning to the nature of the formulas for the horizontal thrust 
at the lower column end of a frame, it is further seen from Fig. 22 that 
the given constant relation between the values of the horizontal thrusts 
for a frame under a distributed load and under a concentrated load 
still holds for the case in which a frame is subjected to a non-sym- 
metrical load. These simple frames are sufficient to illustrate the 
general relation. It appears, therefore, that for the same frame the 
coefficient K remains constant and independent of the method of 
loading. This statement can easily be extended to the case of multiple 
concentrated loads, for then the horizontal thrust is the sum of the 
horizontal thrusts due to the individual concentrated loads. It will be 
found that this statement applies also to the non-symmetrical frames 
of Cases d and d’. 
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Fig. 23. Locus or INTERSECTION oF REeaAcTION LINES IN SINGLE Span SINGLE 
Story FRAME UNDER SINGLE CONCENTRATED LOAD 


For a concentrated load, it will be of interest to find the locus of 
Yo, the point of intersection of the lines of action of the reactions with 
the line of action of the load (see Fig. 23). In a complicated form of 
frame, there are, of course, many statically indeterminate quantities, 
but H is an important one. The remaining statically indeterminates 
have always the same factor in the denominator as H. Therefore, it 
is very interesting to know the form of the expression for H. It is 
evident that H (Fig. 23) is a function of l, h, J, and P in a given case. 

Since the moments at b and b’ (Fig. 23) are zero, the equilibrium 
polygon for the load P must pass through these points. Taking the 
moments of H and V, about the point o ; 


a Vile 


Vileo’ - Hy. =0 Yo H 


H and V;, are known in this case when P and l,. are given,-and 
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Therefore 


or 


This equation is entirely free from lo’, Io’c’, and P; therefore, yo is a 
constant quantity for a given frame and is not changed by the change 
of the point of application of a load P. Accordingly the locus of the 
point o is a straight line parallel to bb’. 


WEA 
¢ = 2:0 
I 


In the case in which 2«’=1.0 and *=10, y= Oe. For 


be 


and 4 1.0, yo= 


14h | 
3 

The equation for y, permits the determination of the position of 
loads which gives the maximum reaction and stress in any member. 
The same method may be extended to any case, if it is remembered 
that when a column is fixed at its end the point of application of the 
reaction deviates from the neutral line of the column by at. where M, 

6 


is the end moment and V,j is the vertical reaction at that point. 


15. Effect of Variation in Moment of Inertia and Relative Height 
of Frame on Bending Moment in Horizontal Member.—Fig. 24, 25, 
26, 27, and 28 give bending moment coefficients for the beam of the 
central span for several cases of a three-span frame in which the spans 
are equal, the moments of inertia of the three beams are equal, and the 
moments of inertia of the columns are equal. The effect on the bending 
moment caused by variation in the relative values of the moments of 
inertia of members and in heights of frames is shown in these figures. 

For a general comparison it is only necessary to consider the bending 
moment at the center of the span for load applied eccentrically with 
respect to the columns, since the effect on moments at other places 
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' Fie. 24. Corrricient or BenpiINc Moment AT CENTER OF MIDDLE SPAN FOR 


Stmnete Story Turee-Span Frame Havine Extreme Enps or CoLUMNS 
AND Brams HINGED 


and on thrusts will be similar. From the general nature of the curves 
shown the following conclusions are drawn: 


(1) The bending moment is increased rapidly as the value 
of a increases from 0 to 1.5, but beyond that range the increase 
3 


in bending moment is comparatively small. 
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Coefficient of pl* 


18 Z L20 
Values of ee 
4c 
Fie. 25. Corrricrent or BenpiIna Moment aT CENTER OF MippLEe SPAN FOR 
Sincie Story THREE-Span FRAME Havine Extreme Enps or Beams HINGED 
AND CoLumMN ENps FIxEp 


(2) An increase in the height of the frame has an effect 
of the same nature on the bending moment as an increase in ~ 


the ratio 7 . 
be 
(3) The variation in coefficient of bending moment is wider | 
in the frame hinged at ends of columns and beams than in the case — 
of fixed ends. : 
(4) By the fixing of ends of columns and end beams the 


coefficient of positive bending moment is slightly decreased from 
that for hinged ends. 


ee of pl* 
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| Fie. 26. Corrrictsnt or Benpinc Moment at Center or Mippie Span FoR 


Sincie Story THreEE-SPpAN FRAME Havine ALL EXTERNAL CONNECTIONS 
FIXED 


(5) In most common cases of panels under uniform load 


where the ratio tae not far from 1.0 and = varies from 1.5 to 3.0, 


l I be 
the bending moment at the center of the loaded span (case of 
1 


1 
2 ne 
i6 pl to about id pl’, and may be 


equal spans) varies from about 


: 1 
conveniently assumed as Tp: 
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Fic. 27. Corrricient or BenpDING Moment aT CENTER OF MIDDLE SPAN FOR 
Sinete Story THree-Span FraME Havina Lower Enps or CoLuMNS 
HINGED 


16. Effect of Variation in Moment of Inertia on Bending Moment 
in Vertical Member.—The variation in bending moments in column 
ends due to the variation in properties of the members for several cases 
of a three-span frame is shown in Fig. 17 and 29 and in Tables 4, 6, 
and 7. In Table 6 the three spans are taken as equal and the story 
height is taken equal to half the span. 
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“and —* are 
I be Dee 


plotted in Fig. 17. It is seen from the diagram that for structures 
having the relations between span lengths and moments of inertia 
assumed in Table 6, higher bending stress will exist at the top of the 


Values of coefficients of pl? for various values of 
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Fic. 29. Corrricient oF BENDING Moment at Lower ENDS oF INTERIOR 
COLUMNS FOR SINGLE Story THREE-SPAN FraAME Havina Lower ENDS oF 
CoLumns FIxepD 


lower column than at the foot of the upper column and that the varia- 
tions in moments of inertia assumed cause less variation in the moment 
in the upper columns than in the lower columns. 
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III. Trsts on Rigipty CoNNECTED REINFORCED CONCRETE 
FRAMES 


17. Test Specimens.—Five types of frames were selected for the 
tests. The cross-section of the composing members varied from 8 by 8 
in. to 844 by 173% in. The length of span of the frames was 6 ft. on 
centers except Frame No. 8, which had three spans of 4 ft. 8 in. The 
height of the frames varied from about 5 ft. to about 10 ft. The size 
and disposition of the reinforcing bars and the dimensions of the frames 
are shown in Fig. 30 to 34. Data of the frames are given in Table 8. 

Care was taken in designing the test specimens to secure continuity 
of connected members and to obtain such proportions between moments 
of inertia and spans as would result in high bending stresses in the 
columns and beams at nearly the same time. The ends of the steel 
reinforcing bars were bent into hooks in the specimens having columns 
fixed at the ends. Bars continuous from one end to another’were used 
for all frames. The radius of bends of the main rods was about 5 in. 
Several bars were welded and these welds were located at points where 
the bending moment was very small. 

In the frames with stirrups, U-shaped or double U-shaped stirrups 
were used. They passed under the longitudinal bars and extended 
to the top of the beam. ‘The size and spacing of the stirrups are given 
in Table 8. 


B / ry 
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Fig. 31. Size anp DistrriputTion oF Rerrorcina Bars in FRAMES 2 AND 4 
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Fig. 32, Size anp DisrrisuTion or REINFORCING, BARS IN FRAMES 3 AND 7 
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Fig. 33. Size AND DISTRIBUTION OF ReEtNFrorcING Bars IN FRAME 5 
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Fig. 34. Size anp DistriputTion oF Reinrorcine Bars IN FRAME 8 
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18. Materials—The materials used in making the test frames 
were similar to those ordinarily used in reinforced concrete construction. 
The sand, stone, and cement were taken from the stock of the Labora- 
tory of Applied Mechanics. 

A good quality of crushed limestone ordered to pass over a 14-inch 
sieve and through a l-inch sieve was used. The sand was of good 
quality, hard, sharp, well-graded, and generally clean. 

The reinforcing bars were plain round rods of open hearth mild 
steel. Test pieces were taken from the test frames after the test. 
Table 9 gives the results of the tension tests of the steel. 


TABLE 9 
TENSION Tests OF REINFORCING STEEL 


Nominal Yield Point Ultimate Per Cent 
Diameter lb. per Strength Elongation 
inches sq. in. Ib. per sq. in. in 8 in. 
4 36 200 | 55 100 26.3 
4 36 200 | 54 200 26.9 
% 36 900 54 700 28.7 
% 36 700 | 54 600 26.9 
% 37 700 54 200 25.0 
% 37 400 55 900 30.0 

Average 36 850 54 783 27.3 


Universal Portland cement was used for all specimens. Standard 
briquettes of neat cement gave an average tensile strength of 575 lb. 
per sq. in. at 7 days and 670 lb. per sq. in. at 28 days, and standard 
briquettes of 1-3 mortar 207 lb. per sq. in. at 7 days and 303 lb. per 
sq. in. at 28 days. Briquettes of 1-3 mortar made with the sand 
used in the concrete gave a strength of 279 lb. per sq. in. at 7 days 
and 353 lb. per sq. in. at 28 days. Tests with the Vicat needle indicated 
that initial set occurred in 3 hours and 15 minutes and final set in 
6 hours. 

Men skilled in this kind of work were employed in making the 
concrete. Care was taken in measuring, mixing, and tamping to secure 
concrete as nearly uniform as possible. All the concrete was made in 
the proportions, 1 part cement, 2 parts sand, and 4 parts stone, by 
volume. The mixing was done with a concrete mixing machine. 

The results of compression tests on 6-in. cubes made from the 
concrete used in the frames are given in Table 10. Tests were made 


~ 
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TABLE 10 


ComPRESSION Tests oF CONCRETE CUBES AND CYLINDERS 


Frame Age Maximum Load | Frame Age Maximum Load 
No. at Test Ib. per sq. in. No. at Test lb. per sq. in. 
days days : 
6 in. | 8x16 in. 6 in. | 8x16 in. 
Cube Cyl. Cube Cyl. 

1 64 1780 | 1150 5 61 3070 | 2670 
1 64 1750 5 61 | 3100 
1 64 1680 5 61 2580 

Average 1740 : Average 2920 
2 62 2210 1850 6 62 2605 2310 
2 62 2250 6 62 2445 
2 62 2540 6 62 2510 

Average 2330 Average 2520 
3 73 2860 2050 7 60 2140 1970 
3 73 2820 7 60 2390 
3 73 2840 ef 60 2220 

Average 2840 Average 2250 
t 66 2600 1910 8 63 8288 3060 
4 66 2580 8 63 3900 
4 66 2570 8 63 3653 

Average 2580 Average 3614 


on one 8 by 16-in. cylinder for each frame, and the axial deformation 
_ Was measured to give a means of judging of the modulus of elasticity 
of the concrete used in the frames. Fig. 35 gives the stress-deformation 


diagrams for these cylinders. Table 10 gives the compressive strength 
of the cylinders. 


19. Making and Storage of Test Frames.—It had been hoped to 
make the frames in a vertical position similar to that in practice, but 
because of the difficulty and added expense in doing this, all the frames 
were built directly on the concrete floor of the laboratory in a hori- 
zontal position with a strip of building paper beneath the forms. 

The forms were generally removed after seven days, and the 
frames were lifted from the horizontal position after thirty days and 
were kept in a vertical position in the laboratory where they were made 
until the day they were tested. They were dampened every morning 
for two weeks after making to prevent too rapid drying, and were 
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dampened occasionally after that time. The temperature of the 
room ranged from 55 to 70 degrees F. 


20. Testing—To develop high stresses in the beam and in the 
columns nearly at the same time one-third point loadings were used 
for many of the frames. In Frame 5 the centrally concentrated load 
was used to develop as high a flexural stress in the columns as possible. 

In Frame 8 in order to see the effect of the eccentric load on the 
adjacent spans and at the same time to produce high bending stresses 
in the middle beam and in the central columns, a uniform load on the 
middle span was selected, the load being applied through a number of 
spiral springs. : 
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Fic. 35. Srress-DEFORMATION DIAGRAMS FOR CYLINDERS 


The positions of the loads for the different frames are shown in 
Fig. 36 to 43. The specimens were tested in the 600,000-lb. Riehle 
testing machine in the Laboratory of Applied Mechanics of the Uni- 
versity of Illinois. Deflections were read on some of the frames. The 
deformations of the steel and of the concrete were measured at the 
various parts of the frames for each load applied. 
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Fic. 37. OBSERVED AND CompuTEeD STRESSES IN FRAME 2 
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Fic. 41. OsseRvED AND CoMPUTED STRESSES IN FRAME 6 
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Extensometers of the Berry type were used in measuring the 
deformations. The method of using these instruments is described 
in Bulletin 64 of the Engineering Experiment Station of the University 
of Illinois, ‘‘Tests of Reinforced Concrete Buildings under Load,” 
and in a paper in Proceedings of the American Society for Testing 
Materials for 1913, “‘The Use of the Strain Gage in the Testing of 
Materials.”” Variation in temperature is sufficient to cause an appre- 
ciable change in the length of the instrument. Hence observations 
on an unstressed standard bar of invar.steel were taken for the purpose 
of making temperature corrections. Small steel plugs, about one inch 
long, were set in plaster of paris in the concrete, where the concrete 
‘deformations were to be measured. Small gage holes, 0.055 in. in 
diameter, were drilled in the reinforcing bars and in the steel plugs. 
Two sets of initial readings were taken before the application of load- 
A complete set of observations of the deformations was taken at each 
increment of load. In reducing the strain gage readings to stress, 
temperature corrections were made. These were based on an assumed 
linear variation of length with time between successive readings on the 
standard bar. 

The smallest number of gage lines on any frame was 75 on Frame 1; 
the greatest number, 163, on Frame 8. The gage lengths used were 
2 in., 4 in., and 8 in. The average deformation over the gage length 
was used. 

The faces of the test frames were whitewashed to enable the 
appearance of cracks and their growth to be more easily observed. 
The extent of the cracks at the several loads was marked on the speci- 
men during the test. 


21. Explanation of Tables and Diagrams.—The loads given in 
the various tables and figures are the loads applied by the testing 
machine and do not include the weight of the frame itself. The load 
at first crack is the load noted when the first fine crack was observed 
during the test. The ultimate load is the highest load applied to the » 
specimen just before the load carried began to decrease slowly. The 
maximum tensile and compressive stresses are the highest stresses 
observed at the points specified. The vertical shearing stress was 
calculated with the ordinary formula v= ii 
vertical shearing unit-stress in the concrete, V the total vertical shear 
at the end of the beam, b the breadth of the beam, and jd the distance 


, where v represents the 
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from the center of the steel to the center of the compressive stresses 
in the concrete. The bond stress in the beam was computed by means 


of the formula u= aH where u is the bond stress per unit of area of the 


surface of the reinforcing steel, m the number of reinforcing bars, and o 
the circumference or periphery of one reinforcing bar. The values of 
jd were selected with reference to the amount of reinforcing steel and 
the modulus of elasticity of the concrete. 

Loads are given in pounds, unit-stresses in pounds per square inch, 
and moments in inch-pounds. 


TABLE 11 
Vatues or Moputus or Enasticiry oF CONCRETE USED IN STRESS 
CoMPUTATIONS 
Frame E Frame E 
1 2 100 000 5 3 000 000 
2 3 600 000 6 3 900 000 
3 2 070 000 Zt 3 700 000 
4 3 600 000 8 3 300 000 


The so-called observed stresses have been obtained .from the 
observed deformations by using a modulus of elasticity of 30,000,000 lb. 
per sq. in. for the steel, and for the concrete the values given in Table 11. 

Table 12 contains general data of the tests of the frames. 

Table 13 gives computed stresses at the three points in each frame 
which are shown in Fig. 44, calculated by means of the formulas given 
in the preceding pages, the values being expressed in terms of the load 
applied to the frame. The values in columns marked I were obtained 
on the assumption that the concrete has full tensile strength; those in 
columns marked II on the assumption of no tensile strength. The 
division of the direct stress between concrete and steel was computed 

“by the usual formulas for reinforced concrete columns. 
Other explanations of tables and diagrams are made elsewhere. 


22. Phenomena of Frame Tests—As may be expected in rein- 
forced concrete flexural members, the tensile stresses in the steel were 
very small at low loads. Undoubtedly this effect was largely due to 
the ability of the concrete to carry tensile stress. As soon as the con- 
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crete on the tension side of the member was sufficiently stretched, a 
vertical tension crack formed on the beam underneath the load and 
then a crack formed at the side near the juncture of the column and the 
beam, in most cases. After the formation of these cracks, the tension 
in these parts was taken mainly by the reinforcing bars. As the 
loads were increased the cracks developed and new cracks appeared 
on the tension side between the points of application of the load on 
the beam, and horizontal cracks formed at regular intervals in the 
columns. 

The tensile stress due to the negative bending moment within the 
space occupied by the juncture of the beam and the column was small, 
and in these places tension cracks did not form in many frames until 
high loads were applied. The bent-up bars in the beam came into 
action as soon as tension cracks formed in their vicinity, and in the 
bent-up portions tensile stresses as high as 22,000 pounds per square 
inch were developed in several instances. The tensile stresses in the 
steel at the fixed ends of the columns were rather low. The tensile 
strength of the concrete in this part epee. reduced the tensile 
stress in the steel. 


Fig, 44. Points Usep ror Comparison OF COMPUTED AND OBSERVED STRESSES 


REINFORCED CONCRETE FRAMES 77 


High compressive stresses were developed in the concrete in the 
upper portion of the columns below the intersection with the beam, 
and the maximum compression was observed along the sharp corner 
at the juncture of the beam and the column, as might be expected. 
This is due to the curved beam action at the rigid joint. In each frame 
the maximum load was higher than the load expected. 

Views of the frames which show the location of cracks are given 
in Fig. 49 to 57. 


The general phenomena of the tests of the individual frames are 
given in the following brief notes. 


Frame 1—Square Frame with Columns Hinged at Lower End.— 
Nominal span length was 6 feet. Total height was 5 ft. 2in. Frame 
was loaded at the one-third points of the span of the horizontal member. 
Fig. 49 shows the frame in the testing machine. The location of the 
cracks is shown in Fig. 51. At the 12,000-lb. load the first fine crack 
in the beam appeared directly under a load point and extended from 
the bottom of the member vertically 2 in. to the level of the reinforce- 
ment. At the same load the first noticeable cracks appeared in the 
columns, one in the outside edge of the column on a level with the 
bottom surface of the beam and one at 2 ft. 5 in. from the bottom of 
each column end. No crack appeared in the top side of the beam until 
the load was increased to 36,000 lb. At that load cracks appeared 
8 in. from the top corner of the frame and extended vertically downward. 

The frame carried 40,500 lb. and the load was held for a few minutes 
and then dropped very slowly. The cracks were well distributed in 
the tension zone of the frame and no crack due to diagonal tension 
was formed. The frame failed by tension in the reinforcement of the 
beam. 


Frame 2—Inverted U-frame with Columns Hinged at Lower End.— 
Nominal span length and total height were each 6 ft. Load was applied 
at the center of the span of the horizontal member. The location of 
cracks is shown in Fig. 52. At 8,000 lb. two cracks appeared 2 in. 
ep each side of the center of the top beam and extended upward 2 in. 
and 3 in., respectively. At 12,000 lb. these cracks had extended ver- 
tically 6 in. from the bottom surface of the beam, and a new crack 
appeared just inside the right-hand corner 10 inches from the center 
of the beam and extended diagonally toward the load point. At the 
same load four cracks appeared at the outer shoulders. At 14,000 lb. 
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the cracks were extending. Unfortunately at this load the foot of one 
of the columns slipped outward about 14 in. due to the lack of sufficient 
friction to resist the horizontal thrust at the support. However, satis- 
factory information was obtained because very high tensile stress 
(32,900 lb. per sq. in.) had been developed at the center of the beam 
before the slipping occurred. 


Frame 3—Square Frame with Columns Fixed at Lower End.—Nomi- 
nal span length was 6 ft. Total height of frame from fixed column end 
was 4 ft. 11 in. Loads were applied at one-third points of span of 
horizontal member. No noticeable cracks appeared until 21,000 Ib. 
had. been applied, when three cracks appeared at the bottom between 
loads and several cracks appeared in both columns. At 30,000 lb. 
new cracks appeared in the beam and columns, and one crack appeared 
at the top of the beam. The location of the cracks is shown in Fig. 53. 
The cracks in the upper part of the columns were located within 14 in. 
downward from the extended line of the bottom face of the beam. No 
crack was observed at the fixed ends of the columns. The frame 
carried 60,000 lb. and the load was held for a few minutes, then dropped 
very slowly, and there appeared to be no danger of sudden failure. No 
diagonal tension crack appeared in the beam, and the frame failed by 
tension in the longitudinal steel of the beam. 


Frame 4—Inverted U-frame with Columns Hinged at Lower End.— 
Nominal span length was 6 ft. Total height of frame was 6 ft. 3 in. 
from hinged end of columns. Loads were applied at one-third points. 
At 10,000 Ib. the first noticeable crack appeared at the left-hand inside 
top corner, and extended 2% in. upward. Cracks are shown in Fig. 54. 


Accidentally the frame was built slightly out of form, the columns— 


being out of plumb 114 in. in the height of 4 ft., and more stress was 
thrown to the left-hand column than to the other. The distribution 
of the cracks shows this clearly. The frame, however, carried a com- 
paratively high load (50,000 lb.). Failure was by tension in the steel 
in the horizontal beam and at the rigid joint between the columns and 
the sloped beam. . 


Frame 5—Trestle Bent with Tie—(A-frame).—Span length center 
to center at the supported column ends was 6 feet. Total height from 
the base to the top of the frame was 10 ft. 14% in. Load was applied 
at the center of the top beam. The cross-section of the top beam 


Fig. 49. View or Frame 1 in Testing MAcHINE 
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was 814 by 16 in. and the column section 814 by 8% in. At 40,000 Ib. 
the first two noticeable cracks appeared. These were under the load 
points of the beam. For location of cracks see Fig. 50. The outer 
cracks of the beam finally extended diagonally nearly to the load point, 
At 100,000 lb. the first cracks appeared in the column at the outside 
near its juncture with the beam. At 140,000 lb. load a crack suddenly 
occurred at the right-hand rigid joint between the tie and the column 
with a breaking sound. The frame carried 146,000 lb. and the load 
gradually dropped. The maximum load was controlled by the failure 
of the top beam which failed. by tension in the reinforcement. 


Frame 6—Square Frame with Columns Hinged at Lower Ends. 

Same as Frame 1.—Load was applied at one-third points of span of 

horizontal member. Fig. 55, a view of the frame after the test, shows 

the appearance of the cracks. At 18,000 lb. four cracks appeared, two 

of them under the load points, one near the. center of the beam, and 

one at the upper part of the right-hand column. At 24,000 lb. the 

cracks extended further and additional cracks appeared in the beam 

and columns at regular intervals. At 30,000 and 36,000 lb. new cracks 

appeared in the beam where the longitudinal bars were |bent up and 

_ these cracks ran diagonally almost to the load points. No crack 

__ appeared on the top side of the beam. The frame carried 46,000 lb. 

and the load then dropped slowly. Failure was by tension in the 
longitudinal steel in the beam. 


Frame 7—Square Frame with Columns Fixed at Lower Ends. Same 
as Frame 3.—Load was applied at one-third points of the span of the 
horizontal member. The location of the cracks is shown in Fig. 56. 
_ The first noticeable cracks appeared at 21,000 lb., three in the beam 
and three in the columns. 

At 30,000 Ib., the cracks had extended further and two cracks due 
to the negative bending moment appeared at the ends 8 in. from the 
outside face of the columns. At the same load three cracks formed in 
the bottom half of the beam. As the load increased, the crack located 
on the outside of the left-hand load point extended diagonally almost 
to the load point, and the cracks at both ends of the beam extended 
vertically downward nearly to the bottom side of the beam. The 
ultimate load carried by the frame was 61,000 lb. At this load sudden 
failure took place at both inside corners of the lower ends of the columns 
and the cracks extended horizontally and vertically almost through the 
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concrete base and almost through the columns. ‘This fact shows that 
considerable positive bending was developed there. The frame also 
failed by tension in the longitudinal steel of the top beam. 


Frame 8—Frame with Three Spans.—Span lengths were 4 ft. 8 in. 
center to center. Total height of frame was 6 ft. 714 in. The base 
of the frame was 15 ft. 4 in. in length, while the length of the base 
of the testing machine was 10 ft. 6 in. Consequently the ends of the 
frame projected beyond the base of the testing machine upon which the 
frame was bedded in plaster of paris. To observe the upward deflec- 
tion of the ends of the frame under test an Ames dial was attached at 
each end of the frame. The movements of both ends were observed 
as the load increased. The maximum movements (upward) were 
observed at 60,000 lb. and the amounts were 1/263 in. at the east end 
and 1/300 in. at the west end. Therefore the steel stress in the beam 
of the side span may have been slightly modified by the movement, 
but the structure as a whole probably was not appreciably affected. 
Uniform load was applied to the upper horizontal member of the middle 
span. Fig. 57 shows the appearance of the frame after the test with 
the location of the cracks. No cracks were observed until the load had 
reached 45,000 lb., when three cracks appeared in the middle span, and 
one in each outer span on the top side of the horizontal member near 
the intermediate columns. The former are due to the positive bending 
moment and the latter are due to the negative moment. These cracks 
were located symmetrically and they extended vertically about 6 in. 
At 60,000 lb. they extended deeper. The frame was subjected to the 
load of 60,000 Ib. over 20 hours, but the fall in the applied load was 
only 300 lb. 

At 75,000 lb. several new cracks appeared at both ends of the 
middle span and also in the upper part of the intermediate columns. 
At this load the reinforcement at the bottom of the middle beam was 
stressed in tension beyond the elastic limit of the steel. The frame, 
however, carried an increasing load in good condition and the highest 
load was 134,000 lb. At this load the crack at the center of the middle 
span had opened considerably and the steel at this place had scaled, 
indicating failure by tension in the steel. At the same time the con- 
crete at the top of the intermediate columns had crushed. Also the 
concrete base was cracked at the bottom end of the right-hand inter- 
mediate column. It is noted that the stresses in the outside columns 
were very low, even at the maximum load. 


Fie; 57. View or Frame 8 arrer TEst 
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23. Conditions Considered in the Comparison of Testswith Analysis.— 
In the comparison of test results with analysis, the following modi- 
fying conditions have been taken into consideration: 


(1) The quality of the concrete was not uniform over the cross- 
section of the member. The frames were made in a horizontal position 
on the floor of the laboratory, and the concrete on the rear side of the 
frame (the bottom side for the position in which the frame was made) 
seems to have been richer than that on the front side. The concrete 
on the rear side was stiffer and stronger than that on the front side and 
the distribution of steel stresses seem to have been modified by this 
fact. ‘There was more stress in the steel at the rear side of the member 
than in the steel at the front side. It appears reasonable to take the 
average value of the observed stresses in the part in question for the 
purpose of comparison. 


(2) The steel stresses are greatly modified by the presence of 
tension in the concrete for the low loads. Therefore in comparing the 
computed stresses with the observed stresses, two cases must be con- 
sidered, one in which the concrete is considered to take tension and 
the other in which the concrete is considered to be broken in tension. 


(3) The cross-sections of the test frames were designedly made 
larger in proportion to the span than would commonly be used in prac- 
tice. In most of the test pieces, the column width occupied nearly 
one-seventh of the nominal span (distance center to center of the 
columns). In addition to this the corner at the juncture of the beam 
and the column was provided with a fillet. Under these conditions the 
bending moment at the center of the beam will be less than that calcu- 
lated on the basis of the nominal span length—the difference being 
greater than that occurring with the dimensions found in practice. 
In the computations for the horizontal reactions the nominal span and 
height of the frames (distances center to center) were used. In finding 
the numerical values of the bending moment in the beam, and also of 
those in columns having fixed ends, the horizontal reactions computed 
as described previously were used, but when the equations involved 
further use of span lengths the nominal span length was replaced by 
the clear length of the span. 


(4) The design of Frames 1 to 7 was such as to cause high stresses 
in columns and beams at about the same time. In Frame 8 the presence 
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of the members of unloaded panels caused the moments in the columns 
to be much smaller than in the loaded beam. The base also offered so 
much restraint as to give the column ends almost a fixed condition. 
Consequently loads which would cause high stresses in the beams would 
not produce cracks even in the intermediate columns although the 
moment there would be greater than in the outer columns. It will be 
seen then that for Frame 8 there are two cases to be considered in com- 
paring the experimental results with the analyses, one in which tensile 
strength in the concrete is considered in all members and the other 
in which the beams and the intermediate columns are cracked on the 
tension side. The bending moment in the outside column is very 
small, and there is no chance for tension cracks. The moments in the 
intermediate columns and in the beams of the side spans are also small 
except at the extreme end, and only one crack appeared in this member. 
Therefore in the calculation of the moment of inertia of the cross-sec- 
tion for the second case it is not correct to neglect entirely the tensile 
strength of the concrete in these two members. A probable value for 
the moment of inertia of these members will be an average between 
that obtained by using the full cross-section and a section which neg- 
lects the part outside the tension rods. This assumption was made 
in the numerical computation of the moments and stresses for Frame 8. 

In making the computations of stress in the concrete of the frames 
a constant modulus of elasticity was used, that is, a straight line stress- 
deformation relation was assumed. The selection of a proper value 
of the modulus of elasticity was somewhat dependent upon a knowledge 
of the qualities of the concrete of the various frames and a comparison 
of the behavior of the frames with that of the corresponding control 
cylinders. Naturally the modulus of elasticity used was generally 
less than the initial modulus. The values of modulus of elasticity of 
the concrete used in the computations of stress are given in Table 11. 


24. Comparison of Test Results with Analyses —The observed 
stresses, i. e., those obtained from the observed deformations by the 
process already described, have been plotted in Fig. 36 to 48. The 
light full line represents stress in the steel at the nearer side of the 
specimen; the dashed line the stress in the farther side of the specimen . 
The dotted line represents stress in the concrete, usually at the median 
plane. In general, the stresses have been plotted from the central longi- 
tudinal axis of the member in which they were observed. Because of 
the possibility of confusion resulting from this method an exception 
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was made in Frames 2, 5, and 8, where the stresses have been plotted 
from the line showing the location of the reinforcing bar. Tension in 
steel and compression in concrete when measured at or near the inner 
surface of a member have been plotted in, that is, toward the central 
part of the frame as a whole; tension in steel and compression in con- 
crete when measured at or near the outer surface of a member have 
been plotted out. In only a few cases have tension in concrete and 
compression in steel been plotted. Both have been plotted out if 
measured on the inner surface of a member and in if measured on the 
outer surface. With very few exceptions, consequently, steel stresses 
represent tension regardless of whether in the diagrams they appear 
as positive or as negative with reference to the codrdinate axes. Plotted 
concrete stresses, likewise, represent compression. The point at which 
the stress line crosses the coordinate axis represents the position of 
the point of inflection and not a change in the sign of the stress. The 
heavy full line represents the computed stresses for both steel and 
concrete which have been calculated for various points by means of 
the formulas given in preceding pages. 

In Fig. 45 and 47 are given load-deformation curves for gage lines 
not represented in the diagrams of Fig. 36 to 43. The location of the 
gage lines is shown in Fig. 46 and 48. 

In Table 14 are given values of both observed and computed 
stresses at three points for several loads for all the frames. Where I 
precedes the computed stress the calculation considered the tensile 
strength of the concrete; where II precedes it and where neither I nor II 
is given, the computed stress is based on the assumption of no tensile 
strength in the concrete. 

A study of the tables and diagrams seems to justify the following 
statements: 


(1) The experimental and the computed values of steel stress 
at the center of the loaded top beam are in fair agreement for each kind 
of frame tested except in a few instances in which the load was com- 
paratively low or extremely high. 


(2) The experimental and the computed values of the steel stress 
in the columns are also in fair agreement, but the maximum difference 
between experimental and theoretical values is higher than in the 
beams, owing to the fact that the direct stress is not equally distributed 
over the cross-section of the column. 
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TaBLe 14 


CoMPUTED AND OBSERVED STRESSES IN FRAMES 


Computed Values are given in Roman Type; Observed Stresses in Italics; 
f, is Unit Stress in Steel; f, is Unit Stress in Concrete. 


Frame A B 6) 
and Load f, 2 f, f. f, f, 

Frame 1 
18 000 14 800 710 10: 800.7} e ee 16 900 840 
16 100 1 140 S200 Nie mes sere 17 900 1 240 
30 000 24 600 1180 18000 (LS ae 28 200 1 400 
25 300 2 560 BO LOO ha eee 28 600 2 500 
36 000 29 500 1 420 2) OOO ee 30: 500.4) Saat 
Ly Tae oe e 1 COONS eee 36.000. eae ares 

Frame 2 
12 000 I 1 800 490 jb ein okie [20 Eee Sent Pere en | 
II 11 600 710 11 200 800 21 OOO tae 
6 000 690 11 600 730 2T 100 |e ae eee 

Frame 3 
30000 I 600 480° i  e8is. Be fe ee 8 I Se 
TO kt See) Sat ite hoa 13 200 1 080 22 800 1 350 
1 400 250 11 900 1 &30 18 600 820 
38 000 I 900 610°] A 8 eS ee eee 
TT \iiae 3.55.53 St eee eee 16 700 1 370 28 900 1710 
2 000 3840 16 700 1 840 25 700 1 190 
46 000 I 1 100 TAO hehe Poel ee ee | ee et Ce ee 
TES est S00" ees 20 200 1 660 35 000 2 070 
2 800 400 22 300 1 850 34 800 1 500 

Frame 4 
10 000 I 1 500 410 2 000 B40 Ay a aesc cece eee emer 
II 8 500 540 8 700 630 8 700 630 
8 400 690 38 500 680 7 200 730 
21 000 I 3 200 860.) 0. etccli. Sareea) wt Ne eee ee 
II 17 800 1 130 18 300 1 320 18 300 1 320 
11 700 1 550 16 300 1 670 19 300 1 540 
30 000 25 500 1 620 26 100 1 890 1 890 
21 400 2 350 CSET OO hae 2 550 

Frame 5 
40 000 I | — 1900 | — 3000'|— 900 |—3900'; ..... |. ..... 


TL «£82 3) Se eee ee eee 
— 2000 | — 3700!| + 1 300 | — 2200! 


80'000_ 1 | — 3700 | — 5900!) —-'1 900 |/——"7, S00) a 2-0 ee eee 
JTS) 32 5a See +15 200 | — 5 300! 
— 92, 400 | —— 7, BOON Fae BOO | 1 O00 ae ee 


— 7-400!) — 2400: p—=,0200U es eae eer 
Al eed Cee +19 000 nee 
+ 9 800 _ 33500 | __..... 


aoe ae 
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Computed Values are given in Roman Type; Observed Stresses in Italics; 
f, is Unit Stress in Steel; f, is Unit Stress in Concrete. 


Frame A Cc 
and Load F rier i fe i G 
Frame 6 
18 000 I 1 800 540 2 200 600 4 000 760 
Tig ei en 4 a ech Ut Md ee ee 19 6002 1 1702 
TEE ee ee | eee 10 800 830 9 900 840 
8 700 3900 6 900 1 090 9 300 1 080 
30 000 I 3 000 OOM? ts LA tc.ts 31 8002 1 9502 
II 24 300 1 320 18 000 1 380 26 500 1 680 
14 800 1 670 17 700 2 430 21 900 2 050 
SATO) TE Hoey Ot secutive Ill 0S Alpe OO ee A el ae 38 2002 2 3402 
II 29 100 1 930 21 600 1 660 32 900 2 020 
23 600 2 460 CE LOO NY rss cae 28 100 2 750 
Frame 7 
21000 I 900 3 700! 2 700 GLO: ec: Se a ae ot oie 
1 1s eee ali ok. oie 3 9 000 800 16 000 1 000 
— 100 3 400} 4 900 1 350 13 100 1 580 
38 000 I 1 600 6 800! 4 900 POO S| eee. sed | mere ony 6 
SW ae Sioa al [Se eee aor 16 300 1 440 28 900 1 830 
400 6 0001 12 100 thio? 27 500 2 900 
46 000 I 1 900 SPOKE Bsa chal gis Se 201)" eaten eee 
1852) Oe a eee 19 800 1 750 35 000 2 210 
700 7 7001 16 500 eS 87 000 ect 
Frame 8 
30 000 I 8 900 850 5 000 6 500! 1 800 1 800! 
7 000 1 490 1 300 6 100} 2 100 8 6001 
60 000 I 27 7002 1 7002 9 900 13 000! 3 600 3 600! 
SATO 9 ee Se ee Nene nad 18 300 2 8001 
24 600 2 540 7 200 13 100% 12 800 6 2001 
PAUL RRT |" 9) Das” amp res 12 400 VE ZOO% are RS aS asa ierore 
II 38 500 PES Ul | oe en (a en 23 000 3 500! 
37 500 2 750 11 500 19 100 6 700: 


1Compressive stress in steel. ; 
2 Concrete in beam under load considered as broken in tension. 
3 Very high stress. 


17 700} 
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(3) The observed compressive stresses in the concrete at the low 
loads which developed a unit-stress up to about 800 lb. per sq. in. 
agree reasonably well with the computed values though in most of these 
cases the observed concrete stresses were somewhat higher than the 
computed stresses. In some instances the discrepancies ran up to 
50 per cent, and for higher stresses the discrepancies were frequently 
even greater. Undoubtedly these differences are partly due to the 
fact that the modulus of elasticity used does not represent correctly 
the modulus of elasticity of the concrete in the frames. Other matters 
difficult of explanation probably cause further discrepancies. 


25. Effect of End Condition of Column on Results —The secondary 
stresses which would be expected as a result of the friction in the bear- 
ings.at the free ends of the columns in Frames 1, 2, 4, and 6 seem to 
have been very small and may be neglected without appreciable error. 

The concrete bases used for Frames 3, 7, and 8 to secure the 
fixity of the column ends were, of course, not entirely rigid, and a 
slight bending in the base due to a load may be expected to have an 
influence on the bending in the other members. Deformation readings 
at the middle point of the base were taken at each increase in the 
load. The results of these observations showed practically no bending 
stress for all loads except the ultimate load. 


26. Distribution of Stress over the Cross-Section.—In the observa- 
tions it was found that stress in the steel on bars near a front corner 
of a member differed from that on bars near a back corner of the mem- 
ber, the front of the member being the top side of the frame as poured 
and the back side being the bottom. In Table 15 are given stresses in 
bars at front and back at two places on the frame for one load generally 
near the maximum. It is seen that generally the stress in a bar near 
the front of the member (top of the member as poured) is less than that 
in a bar near the back (bottom of the member as poured). To investi- 
gate the distribution further, special measurements were made in the 
columns of Frames 6 and 7, the gage lines being placed where bending 
was not sufficiently large to produce tension cracks in the concrete. 
The gage lines were located on the four faces of the column, and the 
observations were made at each load. The front outer corner developed 
the lowest tensile stress and the front inner corner the highest compres- 
sive stress. The back outer corner developed the highest tensile 
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stress and the back inner corner the lowest compressive stress. The 
distribution was not much altered by the increase of load. 

The observations indicate a lateral bending and twisting of the 
frame. It seems probable that the main source of the difference in 
stresses from front to back was the lack of homogeneity of the concrete, 
that at the bottom of the member as poured being stronger and stiffer 
than that at the top. A difference in stiffness would at least partially 
account for the phenomena. 


“4 Beam 


Column 


Fic. 58. CoNNECTION oF BEAM AND CoLUMN SHOWING TypicaL LocaATION oF 
First Cracks 


27. Position of Point of Inflection in Columns.—The position of 
the point of inflection in a member of a structure which is subject to 
flexure is an important element for use in designing the frame. To 
determine from observed deformations the position of the point of 
inflection for a member, it is necessary to separate the deformation 
into that caused by direct stress and that due to flexure of the member. 
The deformation in the columns of Frames 3 and 7 were thus separated, 
a straight line stress-deformation relation being assumed, and the 
position of the point of inflection found. The position of the point 
of inflection in the columns of these frames changed very little during 
the progress of the loading. For these frames the point of inflection 
was found to be almost exactly at one-third the height of the column, 
as is indicated by the analysis. 


28. Continuity of the Composing Members of a Frame.—In the 
tests of the frames there was no sign of discontinuity of members what- 
ever. It is apparent from the action of the frames and from the stresses 
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observed that the stresses and therefore the moments were well trans- 
mitted from member to member by the connection. From the results 
it is felt that there is every reason to have confidence in the rigidity of 
connections in frames that are properly designed. 

In the frames free to turn at the lower column ends there was a 
tendency for a crack to form near the juncture at A (Fig. 58) at a lower 
load than that at which a crack appeared at B. In the frames with 
rigid connection at the lower column ends, the crack at B appeared at 
nearly the same time as that at A. 


Fic. 59. RecranGcuLar JOINT WITH AND WITHOUT FILLET 


29. Stresses at Corners.—In the design of a frame a square corner 
such as that shown at A in Fig. 59 (a) should be avoided for all con- 
nections, for it is well known that theoretically in resisting bending the 
material at the corner would develop excessively high stresses: It is 
therefore common to design such corners with fillets as shown in Fig. 
59 (b). No attempt will be made to compute the stresses at the fillets. 
The observed deformations at gage lines in the neighborhood of the 
fillets and within the space occupied by the intersection of the two 
members are plotted in Fig. 45 and 47. These deformations are of 
interest. Some of these values have been converted into concrete 
stresses by the use of the moduli of elasticity of the concrete already 
assumed and are given in Table 16. 
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TABLE 16 


OBSERVED STRESSES AT SHARP CORNERS IN FRAMES 
1, 3 and 6 


Stress in lb. per sq. in. 


Loa Frame 1 Frame 3 Frame 6 
Ib. Gage Line 69 ) Gage Line 81 ) Gage Line 71 
7000 | a! 300 Pea 
10000 ad | ar 310 
12000 | 80 Lae oe 
14 000 Bice 720 erlere 
18000 | 670 -oae 450 
21000 =| Abc 760 Estee 
24 000 810 Ee 900 
30000 | one 1 460 1100 
36 000 1 410 ae 1 320 
38000 | bwee 2 120 ae 


30. Conclusions and General Comments.—Some of the conclusions 


which may be drawn from the tests and the discussion are as follows: 


(1) Considering the errors involved in the measurement of 
the deformations and in the determination of the modulus of 
elasticity of the concrete, as well as those due to assumptions with 
reference to the distribution of stresses across the section and 
over the gage length, the results presented indicate a fair agree- 
ment between analyses and tests and justify the conclusion that 
the formulas given in the bulletin for statically indeterminate 
stresses as applied to reinforced concrete structures will give values 
for stresses in the members well within the limit of accuracy 
required in design. 


(2) The elastic action of the frames under external load and 
the-manner of stress distribution along the members of the frame 
agree fairly well with the analyses given. 


(3) The location of the point of inflection in the members 
of the frames under load agrees closely with the location found 
by analyses. 


(4) If a frame is carefully designed and well reinforced, 
there need be no anxiety as to the rigidity of a joint. Effective 
continuity of members has been found in the tests. 
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(5) No sudden failure took place in the frames tested. The 
increase in the deflection was uniform, indicating as great relia- 
bility for reinforced concrete frames as for steel structures. 


(6) The load at which the first fine crack appears near the 
juncture of members is increased by fixing the lower column ends 
of a frame. This is obviously due to the increase in horizontal 
thrust at the lower column end over that developed when the lower 
end is free to turn. 


(7) At sharp inside corners, high compressive stresses were 
developed in the concrete due to so-called curved beam action and 
in several cases local failure occurred by the crushing of the con- 
crete at these corners under high loads. 


(8) A slight deviation of the axis of vertical members from a 
vertical line, that is to say, a slight ‘‘out-of-form’’ of the vertical 
columns, produced an appreciable variation in the stress distribu- 
tion in the frame. 


(9) Owing to the existence of a horizontal thrust (which 


varies from =P to GP in most common cases of simple frames) 


at the ends of a vertical or inclined member, it is advisable to 
incline the member slightly toward the direction of the reaction 
at the end. Such arrangement will greatly reduce the bending 
stress in the member. If this arrangement is not practicable, a 
slight increase in the top width of a vertical member and a slight 
decrease in its bottom width, brought about by inclining the inner 
surface and making the outer surface vertical will add materially 
to the rigidity of a frame without a proportional increase in the 
amount of material used. 


(10) For a frame having an inclined column, it may be 
possible to select the form of frame in such a way that the column 
will take no bending stress throughout its length. 


(11) Due attention should be paid to the rigid joint of a 
tie member to insure the stiff connection with a main member. 
A marked tendency to cause a sudden breaking of such a joint 
accompanied an increase of bending moment in a main member. 
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(12) The use of a footing rigidly connected to the lower 
end of a vertical member is advisable, for it will reduce the bending 
moment at the juncture of the vertical and inclined members. A 
frame having such a footing is solvable analytically, since it ap- 
proaches the case halfway between that of the hinged end and 
that of the fixed end of the vertical member, provided the founda- 
tion is sufficiently unyielding. A little consideration is needed to 
provide proper reinforcement at the juncture of the column and 
the footing. 


(13) The formulas derived by analysis may be applied to a 
variety of forms of frames and are of wide applicability. 


